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Abstract: The goal of scheduling in traditional manufacturing system is to arrange the operations on corresponding machines with
optimal sequence for one or multiple objectives. However, in an actual production system, schedule system often encounters many uncertain
events. However, real manufacturing systems often encounter many uncertain events. These will change the status of manufacturing systems.
These may cause the original schedule to no longer be optimal or even to be infeasible. Traditional scheduling methods, however, can’t cope
with these cases. New scheduling methods are needed. Among these new methods, one method “inverse scheduling problem” (ISP) has
attracted more and more attentions. In this paper, we pay attention to the inverse optimization problem (IOP) and try to find some ways to
solve the ISP. In view of this, this paper provides a comprehensive review of both state-of-the-art approaches on IOP and ISP. Firstly, we
focus on the classification of ISP. Secondly, an analysis of the current literature about IOP is presented. And then, the relative relationship
between ISP and IOP is discussed. Finally, based on the analysis of the limitations of current research, some future research directions of ISP
are provided.
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The definition of inverse scheduling problem (ISP) is that the
1. Introduction

exact values of parameters (e.g. processing times, due dates) are

Generally, the traditional scheduling problem in previous

unknown and they should be determined so that pre-specified job

research assumes a set of jobs to be scheduled in an ideal condition

sequence(s) become optimal. In 2009, Brucker[1] was the first to

and that all parameters are determined. However, in many practical

introduce the concept of ISP, where considered the inverse

cases, scheduling systems usually operate in highly dynamic and

counterparts of the single-machine scheduling. But now, there has

uncertain environments such as machine breakdowns, new job

been very little research on ISP. And ISP is also acknowledged as

arrivals and so on, whereas the basic scheduling problems in

one of the most difficult NP-complete problems.

previous literature represent only the determined environment

The reason that the ISP has not been considered previously is in

versions of most production processes. Thus may render the

fact not due to the lack of its application, but due to its increased

predictive optimal schedule neither feasible nor optimal. And these

complexity as a result of considering controllable processing

events may also be changing the status of manufacturing systems

parameters in the scheduling problem. In fact, there might be

and processing parameters. The existing methods do not take into

several application scenarios for ISP. For example, in the modern

account several important aspects frequently found in practice. In

manufacturing system, this may happen as the following: for

many cases of reality, the job sequence cannot change during the

example, where the producer arranges the job sequence only based

scheduling due to the process continuity in a problem condition. A

on estimated parameters value at the beginning of production

noticeable gap is still observed between the theory and the practice

planning. But the fact is, the real value of parameters may have

of scheduling. Therefore, researchers and practitioners suggest the

slightly different from the estimates. It may lead that the given

necessity of the proposing methods for real-world production

sequences are no longer optimal[1-2]. Of course, reality in some

scheduling problems. In order to solve this problem effectively, this

scheduling shop, the preplanned job sequence cannot be changed

paper proposes a novel idea of scheduling “inverse scheduling

randomly due to technological or process constraints. Then, the

problem” (ISP) to improve the existing manufacturing systems (see

producer may identify a few jobs that can be changed processing

Figure 1.).

times, speeding up some of them by adding additional resources, or
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slowing down others, so that the original sequences become optimal.

both state-of-the-art approaches on the inverse scheduling. By

In addition to the inverse problem, we introduce a reverse

comparing the inverse optimization problems, we see that inverse

problem following the classification due to the paper[3].The reverse

scheduling problems is initiated just now and have many problems.

[3]

specifies what usually values of the job parameters are

Nevertheless there is still significant room for improvements in this

given and they are to be modified in order to reach a satisfaction

area. We see improvements occurring not only in the area of ISP

target value. In this notes, the difference between the traditional

algorithms, but also in the wider application of ISP.

problem

scheduling and RSP is that the latter is that objective is given in

The remainder of this paper is organized as follows. Section 2

advance and job sequence is not restricted by some preferred job

discusses the review of inverse scheduling problem. Section 3

sequences. So there are still some certain application scenarios for

reviews the models and algorithms of inverse optimization. More

RSP in an actual production shop. For example Figure 2, as the

relative relationships between ISP and IOP are reported in Section 4.

producer, they may want to process the jobs either on time (Lateness)

Finally, some future research opportunities and conclusions are

or within a satisfied limit objective (Cost) from the due dates or

reported.

processing times. It is general knowledge that due dates are
considered as quality of service measured whereas the sum of
weighted completion time can be seen as total cost. The producer
may put some compensation into the customers if the claimed
objective (L/C) is not complete on request. To reach such customer
satisfaction (L/C), the controllable due dates or processing time
incurred are minimal, so that the given objective can be achieved.
Furthermore, in some specific production, extensive research and
application is awaited. But not many noticed the ISP and its

Figure 2. Inverse scheduling in a flow-shop

application. Recently, the interest in inverse optimization problem
(IOP)

[4]

has been increasing dramatically. The methods of inverse
[5]

2. Literature review

.Thus may lead

The scheduling problem in manufacturing has been widely

to more relative relationship between the ISP and IOP. Therefore, we

investigated over the last 50 years. Extensive research has been

try to find some approaches to solve the ISP from inverse

conducted on various aspects of the scheduling problem, including

optimization. By comparing the inverse optimization problems, the

job shop scheduling, flow shop scheduling, flexible job shop

challenging research question is: how we generate a feasible

scheduling, and open shop scheduling. Many of the research related

scheduling sequence at the beginning or how we obtain the optimal

to the scheduling has adopted some simplifying assumptions. For

optimization problems are introduced in reference

solution by adjusting the processing parameters? Usually, only job

example, even though most real-life situations have a lot of uncertain

sequence is required to determine in traditional scheduling. However,

events, most of the research assumes that the job parameters are

the minimal perturbation to the job parameters is also needed to be

determined before scheduling. In the present work we introduce a

identified in ISP. It is more difficult to assign resources in a given

new “Inverse scheduling” for a discrete manufacturing system which

job sequence constraints, so ISP is more complex than problems with

assumes processing parameters are controllable.

determined parameters. To overcome these problems, there is an

Apparently, the present study has an increasing need for deep

increasing need for future study the inverse scheduling. ISP is very

research and application of ISP. In the following sections, the authors

important owing practical significance. Especially, ISP may promote

will brief review the relevant research of ISP. We will also attempt to

new ideas and developments in shop scheduling problem.

show the current limitations in the ISP. Future research could explore
the relation between IOP and ISP.
2.1 Brief review on inverse scheduling problem
In this section, we classify the papers according to the
optimization criteria, solution approach and production system.
Since the references of ISP are relatively few, a short exposition of
this problem can be found in references.
There are only a very few papers that have investigated the
inverse scheduling. Brucker [1] firstly raised a particular definition of
the inverse scheduling. This paper studied two novel inverse
scheduling problems, namely the single-machine inverse and reverse
scheduling problem respectively. The two problems with adjustable

Figure 1. Some certain application scenarios for ISP
In view of this, this paper provides a comprehensive review of

due dates or processing times are proving NP-hard, for the remaining
problems, they provided solution methods for the corresponding
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mathematical programming formulations. Unfortunately, there is no

provided a review on recent developments in the scheduling

effective method, only linear programming methods is used for

problems with controllable job processing time. Chand et al.

single machine ISP in previous literature. One year later, Brucker

studied scheduling problems with controllable job due dates. More

addressed a more complicated two-machine flowshop inverse

recent contributions on scheduling with controllable job parameters

scheduling problem. They verified the necessary and sufficient

can be found in references

conditions of optimality of a solution which obtained in flowshop

determine job parameter values and job sequences to minimize some

ISP [2]. An earlier research performed by Koulamas

is shown that

function of the job due dates and/or completion times. A summary of

such inverse problem can be simplified linear programming

inverse problems with a single machine scheduling is first

problems even though the corresponding forward problem cannot be

announced in paper

solved in polynomial time. However, he does not consider possible

programming tool to study inverse problems of a single machine

increases in the scheduling criteria.

scheduling to minimize the total weighted completion time, and the

[6]

And with the development of inverse optimization, inverse
scheduling already caused the attention of some domestic scholars.
[7]

[6]

[25]

[12]

. The objective in these papers is to

. However, this employed a mathematical

corresponding optimal solutions are obtained under different norms.
[7] [8]

Furthermore, Chen et al

developed an exact method for the

proposed the mathematical programming tool for

inverse problems where studied inverse scheduling with the

a single-machine inverse scheduling problem, the corresponding

maximum lateness objective. As stated above, a model of single

objective is to minimize the total weighted completion time and the

machine inverse scheduling is constructed, the optimization

corresponding optimal solutions are obtained under different norms.

objective is to minimize the adjustment of the process parameters. In

More recently, several studies focusing on the single-machine supply

this paper, it is assumes that weight of each job is controllable and

chain inverse problem and flow shop scheduling with two machines

needs to be minimally adjusted so that a pre-specific schedule

Typically, Chen

[7-8]

. It was shown that, by the

becomes an optimal one. Formally, wj (j = 1, 2, …,n) are the decision

theories of scheduling, these problems can be formulated as

variables. It is important to note that the resulting total weighted

respective

completion time based on the adjusted parameters is no greater than

have been provided by Chen and Tang
mathematical

programming

involving

different

controllable parameters. In 2012, Hongtruong Pham and Lu

[9]

also

provided efficient methods for the inverse scheduling problem with

the total weighted completion time based on the original parameters.
This problem can be formulated as follows:


min Z  min  || w j  w j ||

the total weighted completion time objective on identical parallel
machines. Consequently, reverse scheduling was introduced by Li et
al.

[3]



model, establishing a link with the forward scheduling problem with



due dates and deadlines.
It is important to note that all of the previous works only



n
j 1

(1)

w j ( p1  ...  pn )   j 1 w j c j
n



Where the parameters can be described as two sets, the original

their proposed problem.
2.2 Classification according to the characteristics of the

processing time, weight, and completion time of each job are
denoted by pj , wj , and cj, respectively; the adjusted processing time,

production system
ISP was an interesting topic but literature was relatively small.
In this section, the references are classified according to a production
system point. We have grouped the references, first, according to the
of

(1)


w j  0, j  1, 2,...n

focused on developing a linear programming to find a solution for

characteristics



w1 w2
wn

 ... 
p1 p2
pn

.The paper presented the structural properties of the reverse

the

machines

which

correspond

to

the

single-machine and flowshop, next according to the criteria

weight, and completion time of each job are denoted by
_

and C

j

2.2.2.Flowshop

problem

with

two-machine

_

j

,w j ,

inverse

scheduling problem
Inverse scheduling with two-machine flowshop problem, these
problems

considered.

, respectively.

_

p

can

be

formulated

as

respective

mathematical

2.2.1 Single-machine inverse scheduling problem

programming in accordance with different parameter adjustments in

For inverse scheduling problem, the processing parameter

Brucker

[1-2]

. In the inverse counterpart of problem, the typical

should be determined so that pre-specified job sequence(s) become

processing times ai and bi are given together with the target job

optimal. A similar issue is the sequencing problem with controllable

sequences π and σ on machines A and B, which may be the same on

processing parameter. Some constructive ideas and suggestions will

both machines or different. In what follows they always assume that

be presented from the analysis of model, here are several papers

the jobs are renumbered in accordance with permutation π, so that π

which deal with a shop manufacturing system with controllable job

= (1, 2, ..., n). The target job sequences may not be optimal for the

[10]

considered a single-machine problem with

given typical values of ai and bi. The objective is to modify the

controllable job processing times and the corresponding objective

processing times within certain limits so that the target job sequences

was to determine a job sequence and actual processing times that

become optimal.

parameters. Vickson

minimize the schedule cost. The survey by Nowicky and Zdrzalka [11]

In this problem, the adjusted processing times should be
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selected within given boundaries, so that the deviation from the

(3) Moreover, in forward scheduling it is to be useful for the

original processing times is minimal and the target job permutations

design of a prefer system, but will not to be improve the efficient of

π and σ for machines A and B are optimal. The problem model is as

an existed system, so that the traditional scheduling problem cannot

follows:

treat this problem effectively. Apparently, the present study has an
increasing need for further research. Machine learning methods are

(2)

used to explore the key factors which affect performance of ISP and

 

min （a, b）（a, b）
s.t

to discover the rules of forward/inverse scheduling problem.

 
 


Cmax   , , a, b   Cmax   , , a, b 





(2)

Finally, although ISP is a layout increasingly appearing in
industry, only few papers reported and explained the real-world

for any permutation  , ,

applications. It can be noted that ISP can maintain and perfect the



a j  a j  aj , j  N,

production system for better production efficiency. Moreover, it will



bj  b j  b j , j  N.

improve production resources utilization through eliminating or
reducing extra cost of changing parameters. Probably this would be
an interesting research area which is highly desired by industry and

2.3 Classification according to the solution approaches
Brucker and Shakhlevich [1] have produced mathematical
programming

formulations

and

developed

efficient

solution

algorithms for the corresponding problem. The necessary and

whose results can be easily applied to the real world.
3. Review inverse optimization
3.1. Inverse optimization problem review

sufficient conditions for optimality of a given job sequence for

A comprehensive review of both state-of-the-art models and

problem with completion time are symmetric to those specified for

methods for inverse optimization problem (IOP) is provided in this

[6]

studied inverse scheduling

section. Recently, the interest in inverse optimization has increased

problems with complex shop environment where showed that these

dramatically, which may lead to a more relative relationship between

problems can be formulated as linear programming problems even

ISP and IOP. Steininger et al.

when the corresponding forward problems are not solvable in

method to find a linear objective function which optimizes the given

problem with due date. Koulamas

[7-8]

[13]

proposed an inverse optimization

has developed a mathematical

data subject to predetermined constraints. Unfortunately, the paper

programming tool such as Goldfarb-Idnani approach for ISP,

was written in Japanese, it didn’t receive enough attention from the

consequently, this work has also adopted Newton method to solve

international academic community. Until the 90s, Burton

the single machine inverse scheduling. The corresponding optimal

investigated an inverse shortest paths problem. Consequently, many

solutions are obtained under different norms. Recently, Hongtruong

problems have been considered by various authors, working at least

polynomial time. Chen and Tang

Pham and Lu

[9]

used a Wolfe algorithm to solve the inverse

scheduling problem on identical parallel machines.

[14]

first

partly independent. In recent years, some problems in inverse
optimization have been solved, which is categorized as the shortest

2.4. Limitations of present research

path problem [15], the minimum spanning tree problem [16], maximum

From the classification of the scheduling model, it can be

flow problems

[17]

, bottleneck capacity expansion problems

observed that a lot of research work only considers makespan as

weight reduction problems

criteria, while other common criteria, such as cost or tardiness, are

other diverse fields such as geophysical exploration

[39-44]

[19]

. Inverse problems

[20]

[18]

, and

also arise in
[21]

, medical

. With respect to solution approaches, linear

imaging, non-destructive evaluation, inverse heat conduction or

programming and mixed integer programming are the most common

diffusion problems, and signal processing. Traffic planning problems

exact approaches for ISP. However, there is still a gap in the

can be formulated as inverse shortest path problems (See Stout

less tudied

research about ISP which causes the following problems:

and inverse minimum cost flow problem

[23]

[22]

)

. In the context of

(1) It is important to note that many research works have been

high-speed Asynchronous Transfer Mode (ATM) networks [24] which

considered the ISP with single machine, whereas multiple machines

have the aim to combine the simplicity of fixed routing and some

shop has not been discussed now. This is probably due to the fact

advantages of a dynamic scheme to obtain reliable and stable

that the single machine problem is easier than the multiple machines

self-configuring systems. Nguyen

problem. However, the real-life situation is much more complex,

complexity in inverse modeling of heterogeneous aquifers. In 2012,

which involves some realistic considerations and constrains in

Chakib develop an inverse method

problems.

subjective

(2) Furthermore, some previous papers mainly presented exact
approaches trying to solve ISP, the limitations of such algorithms is

decision

regarding

[25][26]

[27]

suggestesan optimal model
aiming to circumvent the

model

parameterization

and

complexity in inverse groundwater modeling, it is a useful result of
practical interest in real inverse modeling applications.

feasible only for some simple, small-scale problems or single

Inverse optimization has attracted much attention of researchers

objective problems. But it still requires a large amount of the

in different areas of combinatorial optimization, the summary of the

intelligent algorithm for solving large size or more complex shop.

results can be found in the comprehensive reviews

[4,28]

. The area
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continues to attract attention of researchers, for example, more
[29] [30]

recent papers (

quadratic cost flow problem by Sokkalingam [35]. Kasperski, Kurpisz
and Zielinski [36] adopted an efficient algorithm for the problem with

).

By comparing the inverse optimization problems, it can be

bound constraints under the L∞-norm and the Hamming distance.

observed that inverse scheduling problems have not yet been studied

In our paper, we consider a class of inverse network flow

widely. Concerning the papers, our main focus is on models and

problems and inverse shortest path problems which has so far not

solution procedures; it is also expected to provide us a lot of

been widely connected to an ISP in the literature, but it seems to

information through inverse optimization. Recently, the interest in

have some potential impaction on inverse scheduling. However, the

inverse optimization problem (IOP)

[6]

has been increasing

dramatically, see Figure 3 and Figure 4.

author has been research program of ISP according the above
theories. The basic flow chart of ISP is shown in Figure 5.
Apparently,

linear

programming

and

mixed

integer

programming and quadratic programming are the most frequently
exact procedures used here. It is often difficult to apply the linear
programming to solve large problems directly. However, it can be
noted that none of meta-heuristic algorithm is used to solve ISP so
far. Therefore, further research directions should get together and try
to use several algorithms together to design some effective hybrid
algorithms for the inverse scheduling.

Therefore, to design an

intelligence algorithm for ISP is an important trend in the future.

Figure 3. Number of publications on IOP

Figure 4. Number of publications on ISP
It is also interesting to study the different methodologies and
techniques that the authors can apply in some new fields. Clearly,
there is a large opportunity for ISP research here. Therefore, further
research directions should get together and try to combine several
algorithms together to construct some effective hybrid algorithms for
inverse scheduling.

Figure 5 basic flow chart of ISP

4. Analysis inverse optimization application

4.2. Models based on inverse optimization

4.1 Approached based on optimization problem review

In practical manufacturing environments, the processing time

Many classical optimization problems have been studied from

can be slightly adjusted by setting the cutting speed or consuming

the point of view of inverse optimization; the summary of the results

other recourses. For example, in turning operation as you increase

can be found in the comprehensive reviews

[4][5]

. The area continues

to attract attention of researchers, see, e.g., more recent papers [31] [32].
In some research, the adjustable parameters are not related to the
objective function as, for example, in the inverse counterpart of the
minimum cost flow problem with adjustable capacities

[33]

for the

latest study. Inverse problems that arise in the area of scheduling are
usually of the second type.

operation is decreased. Our goal in this research is determining a set
of amounts of compression/expansion of processing times in
addition to a sequence of jobs concurrently. The optimization is to
minimize the total modified cost. Guan, Pardalos and Zuo
developed

the

inverse

function C( A, X ) 



n

sorting

problem

under

the

[37]

cost

C (a x ) , where each Cj is a strictly convex
i1 i i, i

function. Assuming that there are two bounds L and U and all

Single object unconstrained inverse problem under unit weight
is considered by Deaconu and Ciurea

the cutting speed and the feed rate, the processing time of the

[34]

using the linear

elements of X are required to be integers within the range [L,U], they
gave an

On
( log(UL)) -time algorithm. Kasperski and Zieliński

programming approach. The single object unconstrained inverse

[38]

minimum flow problem under unit weight is transformed to a

the Hamming, the objective is to find a non-decreasing sequence

studied the inverse sorting problem with bound constraints under
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X=(X1, X2…. Xn) so as to minimize some cost function C

 A, X  .It

seems that the problem has some practical applications in ISP.
As stated above, the models of ISP depend largely on the cost
function. In practice, objectives vary and hence a variety of ISP
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combine several algorithms together to construct some effective
hybrid algorithms for ISP. It is also important to consider that the
real world is unpredictable and dynamic. Algorithms must be able to
find solutions which remain robust under different scenarios.

models are also possible. With respect to solution approaches, only

This paper has provided a comprehensive review of both

linear programming is the most frequently exact procedures used.

state-of-the-art approaches on inverse problem and prospected on the

Even though ISP may be play an important role in improving the

inverse scheduling. The review may not provide a complete survey

performance of a pre-specified manufacturing system, the extant

of the literature in this area, but it has presented some representative

literature about it is scarce. There are still many questions, which

integration models and implementation methods.

have to be considered. For example, how to develop relative

Although ISP is a hard work, its research is necessary. ISP is

relationship between ISP and IOP, how to design intelligence

very important because it can effectively improve an existed

methods to solve ISP or even larger scale ISP? These and many other

manufacturer system and optimally allocate resources. And, the

questions, may lead to significant progress in the study of ISP if

research on ISP is still a challenge. Many models and methods can

properly addressed. At the same time, this will improve the

be proposed in this area. For these reasons, the researchers will

productivity of the manufacturing and reduce cost. Combining with

continue to do the further and deeper study on ISP.

the existing research results of IOP, future studies can be carried out

--------------------------------------------------------------------

in the following part.
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